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Generalization of the Differentiation Process. 

By Eobert B. Moeitz. 



1. — Notation and Definitions. 

For the purpose of this discussion, we shall use the following notation : 

The symbol ) represents any process or operation whatsoever between any 

two concepts a and b, thus : 

a ) 6 = c, 

where c is the result of the operation, a is the operand, b the operator of the pro- 
cess. If we look upon a as the operator and upon b as the operand, we write 

b ( a = c, 

where the symbol ( represents, of course, a new operation. 

For every combinatory process ) , there exist, in general, two dissociating 

processes known as inverses. We denote these by the symbols — and — , the 

former denoting the dissociation of c and b, the latter the dissociation of c and 

a, thus : 

c *— b — a, c —■ a = b. 

and we refer to these processes as the first and second inverses of ) respectively. 
Hence, they are likewise the second and first inverses of ( respectively. 

We may look upon c and b as the original concepts, and upon a as the 
result obtained from their combination, that is, we may look upon either inverse 
as the direct process and upon the former direct process as one of the inverses of 
the inverse. 

If, among the process and its inverses, there is one which is single valued, 
that one is selected as the direct process. In this paper we shall assume 
throughout the singlevaluedness of the direct processes. 
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In special cases ) and ( may denote the same operation, and in such cases 
we shall represent the operation by | , a symbol devoid of aspect. It immedi- 
ately follows that in this case — and — will also be the same operation which 
we will denote by — . 

When relations are considered which subsist not only for the direct pro- 
cesses ) and (, but for their inverses —- and — as well, the symbol )""( might be 
employed, this symbol being merely a combination of the others ; in cases where 
the two inverses are identical, the symbol is contracted into T. This latter form 
corresponds to the well-known symbols t, >< of the ordinary algebra. When 
we deal with a second operation, we represent it by )) and its inverses by — 
and zz respectively. To the symbol | corresponds || and to T corresponds 7f .* 

We shall have occasion to deal with associated processes, processes which 
are related to each other by definite laws. The addition, multiplication, and 
involution processes of the ordinary algebra are such processes. We shall dis- 
tinguish associated processes from each other by using as symbols for them ) 
with various indices. Suppose that we have selected a reference process, say 



then we may write 



a ) b = c, 

a ) a ) . . . . to 6) (b) terms = a ) t b, 
a) x a\ .... " ai (b) " =a),b, 

a) n a) n " a n (b) " =a) n + 1 b, 

where a (b), ai{b), .... , a n (b) represent arbitrarily selected functions of b. We 
shall refer to such processes as processes of the zero, first, second, .... n th , 
(n + l) th orders respectively, the reference process being of the zero order. 

* I am aware that I am guilty of adding another set of symbols to the already too long list of sym- 
bols with a similar meaning used by others. Grassmann uses — ■ *-* and also ?5 5S to denote direct and 
inverse combinations respectively, De Morgan uses %x, Hankel % <?, Stolz O "■'• and also O '•"i Houel 
--- -~- and f 1/. Davis suggests the use of any letter which has aspect as U, Y, or V; a Y b or b\a could 
be used to denote any combination between a and 6, a -<6 and a>- b its two inverses, f ft, and <p 6 have 
also been suggested, and there are no doubt many others which I have not seen. Where there are so 
many symbols to choose from, it is easier to devise a new symbol than to discriminate justly among 
the old. 
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When o (&),«! (6), .... a n (b) become all equal to b, ) may be taken equal 
to +, and ) x , ).j become the X, ( ) (! of the ordinary algebra. 

Any process may be selected as the reference process and negative indices 
may be used as well as positive. Thus we may have processes defined as follows : 

«)-» «)-n to «_„(&) terms = a)_„ + 1 6, 

a)_ n + 1 a)_„ + 1 " «_ n+1 (6) " —a)_ n + 2 b, 

a)_i a )_! " <a-i(6) " = a)o&> 

which shows how the process a )„ 6 and hence any higher process may be defined 
in terms of any negative process. The first and second inverses of )„ are, of 
course, — n and — n respectively. 

The laws of combination, to which different operations are subject, cannot 
be determined a priori. They depend upon the nature of the concepts involved, 
the relations which subsist among the combinations employed, and upon the 
meanings attached to the results of the combinations. In a study of pure form, 
we may posit any laws of combination and examine the consequences following 
their assumption. In that case the concepts, among which the combinations 
take place, are in part defined by these laws, and hence may or may not have 
an existence in the world of experience. On the other hand, we may limit our 
discussion to such laws of combination and their consequences as are suggested 
by experience. There are five such laws which may be put under three general 
heads and are defined as follows : 

1. — The Commutative Law, a) b = h ) a. This law is characteristic of any 
process denoted by | or ||. 

2. — The Associative Law, a) n b)„c = a ) n (b ) m c) , or when it is expressed in 
the most general form possible 

f(a, b, c) = $[a,$(b, c)]. 

Z.— The Distributive Law, the common form of which comes under the form 

a ) n (b ) p c) = a ) n b ) q (a )„ c), and this is but a special case of the still more 

general form 

F[a,f(b,c)]=^[^(a, b),^(a,c)]. 

Among the symbols which enter into combination with each other, there is fre- 
quently one, M n , which satisfies the equation a ) n M n =-a, no matter what a is. 
Such a symbol is called the modulus of the process under consideration. The 



260 Moeitz : Generalisation of the Differentiation Process. 

second inverse gives immediately a — „ a — M n . Also a — n M n = a, that is, M n 
is likewise a modulus of the first inverse. 

2. — Preliminary Theorems. 

Grassmann * Hankel,f and StolzJ have considered at length single associa- 
tive processes both with and without commutation. Interesting results have 
been reached by them, as for instance that the formulae 

a -— (6 ) c) = a — ft — c and a ^- (b ^- c) — a *— b) c 

involve the commutative law, and that a combinatory process which is commuta- 
tive for two terms and associative for three, is commutative and associative for 
any number of terms. Equally interesting is the study of the theory of associ- 
ated processes. We shall prove three theorems. 

Theorem I. — If an associated process of the n th order admits a modulus M n , 
then Mn — n + 1 M n is indeterminate. 

We have, by definition and hypothesis, 

a) n M n = a, 

and, therefore, 

a) n M n ) n M„) n .... to /(ft) terms = a. 

a may be taken equal to M n , hence, 

M n ) n M n ) n .... to /(ft) terms = M n , 

that is, M n ) n+1 b = M n . 

The second inverse of this last equation yields 

M n — n +iM n = b, no matter what ft is. 

Familiar illustrations of this theorem from the ordinary algebra are the forms 

— and logil . 
& 



* Grassmann, " Ausdehnungslehre," 1844. 

f Hankel, " Vorlesungen iiber Complexe Zahlen." 

t Stolz, " Algemeine Arithmetic," Bd. 1. 
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Theorem II . — If two associated processes are subject to an associative law, then 

P — n q=p — n a — m {q — „«); 

*/, moreover, one of the processes admits a modulus, then 

P — n q~ M n — m (q — n p). 
The proof is simple. Let 







a) n b) n c = p, 


and 




a) n b=q, 


then will 




q) n c=p. 


By hypothesis 




« )» ° )« c = a ) n (b ) m c) 


Let 




b) m c = r, 


then 




a) n r=p. 


The second inverses 


of these 


processes are 

q <-^ n a — b, 

P — n q = c, 

r ^ m b=c, 
p~ n a — r. 



Now substitute in the third of the last four equations, the values of r, b and 
c, from the other three, and we get 

P — n a — m (g — n a)=p <~~ n q. 

If, now, the n th process admits a modulus, we have, by putting p for a in the last 
equation, 

P —nP ~m (q —nP) =P —» ?, 

or M n -~ m (q —nP)=P — n q- 

If, on the other hand, the m th process has a modulus, we have, by putting p for q 

P — n a—m(p — n a)=p — n p, 
or M m =zp— n p. 

This last equation holds for any p, hence the M th process has a modulus, and the 
theorem follows as before. 

In the ordinary algebra, the m in our statement of the associative principle 
34 



262 Mobitz : Generalization of the Differentiation Process. 

is either n or n — 1 , and hence our theorem gives the forms, 

for m = n , for m = n — 1 , 

p —nq=p — n a ~ n (q —««), p— n q = p —»« — n -i(q —»«), 

p-»q= K— n (q ~np), p — n q— K— n -i(q— n p)- 

For n = 0, 1 and 2 successively, we get the familiar equations 

p — q=p — a — (q — a), , _ \og a p . 

p -i- q —p + a + (q + a); q log„ q ' 

and p—q = — {q-p), log»=_L_ 

^4-^=1^-^-=-^). &<? ^ log p £ 

Theorem III. — If three associated processes, of the (n — l) th , n th and m th orders 
respectively, of which the first and third admit each a modulus, if„_i and M m , are 
subject to a distributive law, then M n _ x — „a = M m , a being different from M n _ x . 

By hypothesis, 

a )» (° ) m c) = a) n b )„_ x (a ),, c), 
and, therefore, 

a) n c = a ) n {b) m c) ~ n _i («)„&). 

Now put b) m c=-V and c = V -- m b, and the last equation becomes 

a ) n (b' ~ m b)=a )„ V — „_! (a )„ J) . 

Let b' = b, b' ^ m b becomes Jf OT and the right member of the last equation 

becomes M n _ lt so that 

a) n M m = M n _ lt unless a = M n _ u 

or, finally, M n _ x ~ n a = M m . 

If a = if„_i, the left member of the last equation becomes ilf„_i — ft M n _ x , which 
by theorem I, is indeterminate. 

In the ordinary algebra, the distributive law holds only for m = n — 1 and 
m = n — 2. We obtain then the two forms 

M n _ 1 ~ n a = M n _ 1 , a^M n _ x , 
and M n _ 1 ~ n a = M n _ % , a^=ilf„_ 1 , 

which, for n = 1 and n = 2 successively, reduce to 

— = , a =f= ; and log" = , a =j= 1 . 
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3. — Limiting Peooesses Allied to Differentiation. 

Using the general notation defined in art. 1 instead of that ordinarily 
employed in writing the differential coefficient of a function, the definition equa- 
tion of the differential coefficient may be written as follows, 

-^ = lim {FixhQ-oFW-ih}, 

ax A=jf 

where y = F(x). 

This form of the differential coefficient suggests at once other processes 
which lead to the symbols 

dtf d\y d n y 

a\x ' d z x ' ' ' d„x ' 

as defined by the following equations, 

< & = \im\F(x) 1 h)~ 1 F(x)~ z h\, 
a-^x h=M, 

i& = lim{F(x) t h)~ a F(x)~ a h\, 



d ^ = \im\F(x) n h) ~ n F(x) ~ n + 1 h\. 
a n jo h=M n 

The ordinary differential coefficient is the -$- belonging to this chain of expres- 
sions. 

Consider the process defined by the last equation. We pass to the limit 
indicated and have 

%& = lim \F(x) n h) ~ n F(x) ~ n+1 h\ 

= F(x ) n M n ) ~ n F(x) ~ w+1 M n 

= F(x)~ n F(x) ^ n+ ,M n = M n ^ n+l M n . 

The right member of the last equation is indeterminate by theorem I of the pre- 
ceding section, and gives rise to an algebraic limiting process, provided that a 
process of the n th order exists, and that this process admits a modulus. The 

evaluation of -^- may be considered, and if it can be effected, will give rise to a 
a n x 

set of forms of which the ordinary differential coefficients constitute a particular 
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set. In some cases the evaluation can be readily effected. If, for instance, an asso- 
ciative and distributive law obtains, as in the case of the involution process of 
the ordinary algebra, then 

-j == ■M* '~ v » + l ™n == ■"*» '~~n + l a ^*n (■"*» -""11 + 1 a ) 

by aid of theorem II of the last section, and this in turn, by applying theorem 
III, may be transformed into 

d'nV 71/ ^ M 

d n x 
that is, M n -~- n + iM n can be evaluated, provided M n _ x ^ n M n _ 1 can be. In this 
case, and others that will be treated later, -^ can be expressed as a function 

d n _ t x ' 

4. — QUOTIBNTIAL COEFFICIENTS. 

Let us now consider more closely the process defined by 

%*L = lim{F(x) 1 h)^ 1 F(x)- i h\. 
djX a = ir, 

When the operations involved in this equation are those of the ordinary algebra, 

we shall write ^K for -^- , so that 
qx a y x 



of 



S?=lim |log A ^M)}, 
qx ft=i { SA F(x) P 



from which follows 

qx ft=i v. log h ) 

This is of the form —and may hence be evaluated by well known rules. We 
have 



qx 
but 



t = l ira { h -^) I , where F h (xh) = *E<& , 
x j=i ( F(xh) J ' hy ' dh ' 
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so that qy_ xF (x) x_ dy_ dlogy 

qx F(x) y ' dx d log x ' 

Or we proceed as follows 

^ = lim I log, ^1 =Um i log/(**)-log/(*) l 
qx »_! 1 Bh f{x) S h=i \ log A ) 

= lim J *(' + *>-*('>}, 

a'=o ( h' ) 

where A' = log h, z = log x, F(z) — log /(a), hence, 

ffff __ dF(z) _ (^log/(a:) _ cZ log y _ x dy 
qx dz d log x d log x y ' dx' 

We call the form thus derived the quotiential coefficient of the function y = /(a;), 
and refer to the process of deriving it as quotientiation. The following table gives 
a partial list of quotiential coefficients : 

(1). 2A_J = o,a being any constant. 

(2). 9M = 1. (3). g( aa! ")= w . 

gas v ' £# 

g (aa; n =b 5a; ro ) _ nax n dr mfcc™ 
g-cc ax n ± 6a; OT 

/cN o-fsina;) , ,„, oCa* *') , , / x 

(5). *-i i = £ccotx. (6). *-i ' = a log a.*' (»). 

gx v qx ' 

(7). 2^ = «. (8). gte? = r J— 

gas gx log a; 

(9). g(» + ^ + ^+ •■■■) _ g a: ][ yq; T ye 

<l x B + D + W+ .... 

u, v, w, .... being each a function of a;. 

(10). g( M -^- w ••••) = £ i f . £W . 
ga qx qx qx 

(11) ^_i!_f. / 12 n g V«V _ _ qu^ 

^ '' qx "" qx qx ' \ )• ' ^ x q X 

(13). iM = £?. (14). iW = ra -^. 

gx ^a; ga; ga; 

( 15). ii^!) = (Wr) l!t + ( Wh H =:( ,Cl!L + iog«JE , ) I 

^a; V qu J qx \ qv / qx \qx qx J 



(4). 
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where [ — — '- J signifies that v is to be considered constant, while the function is 
\ qu / 

quotientiated with respect to u. 

(16). 9?L = TL.S*L 
qx qz ' qx ' 

in which u is a function of z, and z in turn a function of x. 

(17). <^ = _1. 
qx qx 

qu 

5. — QUOTIENTIATION NOT DEPENDENT ON DIFFERENTIATION. 

While, for the sake of convenience, we have made use of the well-known 
rules for differentiation in deriving the above formulae, it is not necessary to do 
so, but each quotientiation formula can be derived by an independent limiting 

process. In fact, since 

qy_ x_ dy 
qx y ' dx' 

each of the processes of differentiation and quotientiation can be expressed in terms 
of the other. Having once established independently the rules for quotientia- 
tion, all differentiation formulae may be deduced from them. Some differentia- 
tion formulae are thus more easily derived than by the ordinary methods. We 
proceed to derive a few of the leading quotientiation formulae without the aid 
of differentiation. 

(a). — Quotiential Coefficient of ax". 
By definition 

(b). Quotiential Coefficient of e % . 
By definition 

qx »_i I hh \ e* J) »-i 1 log£ J »_i I \ogh J 
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Put h — l = h', then 




h — 1 h' 


A' 


log A ~~\og(l+h') ' 


~ A' a , A' 3 

A' - -3- + -3- - etc. 


and lim^" -1 ] -lim f 


1 ) _j* 


A = l I log A J v-oi j 


h< n p , y 

-2 + 3 ~ etC -[ 


Therefore, £i£i. = a;. 





(c). Quotientiation of the Trigonometric Functions. 

f log f sin ^ ) 

g( sin ^ = lim flog, f ^^ I = lim 1 > Bi ; g ^ f 
qx a=i (. V sin a; /J a=i (. log A J 



<2x 

Put h = 1 + m , then 

/sin a:A v 



lim 



to «(Sf ) = 



log A 



lim 

m = 



log 



sin x cos wzcc + cos x sin ma; 



sin a; 



log (1 + m) 

,. flog (cos mx + cot x sin inx) ) 

~ ro =ot log (1 + m) ) 

— Km \ log (1 + mascots) ) 
m= o ( log (1 +ot) J 



= lim - 

m = 



, (mx cot a;) 2 . , "} 
mx cot a; — * - + etc. 



m° 



• =x cot x, 



m — + etc. 

2 T 



that is, 



<7 (sin a;) , 

a -i ^ = x cot 05 . 

^a; 



(d). Quotiential Coefficient of a Function of a Function. 

Let u = f(z) and 2 = 4> (a;), and suppose that the substitution of <p(x) for 
z in/(z) gives u-= F(x). Let us change * into xh, in consequence of which z 
becomes zh and u becomes ul, thus, zk=.q>(xh), ul = f(zk); also ul—F(xh), 



* The development of log (1 + h), and its convergence is readily established without the aid of the 
differential calculus. 
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since x and u have obviously the same values in the third equation as in the 
first two. 

Now, by definition, we have 

£ = L m , i "* $$] } = £S ! "» (t) I = !2 <"* *>• 

Multiplying these two equations, remembering that A;, h, and Z approach unity 
together, we have 






6. — Parallelisms between Quotiential and Differential Processes. 

We propose now to trace some of the more important parallelisms which 
exist between quotiential and differential processes. In most cases, a mere 
inspection of the formulae in §4 will justify the theorems as announced, in others 
what proof is necessary will be added. We shall use the abbreviations q. c. for 
quotiential coefficient and d. c. for differential coefficient. 

(a). Both processes are distributive, the one over a product, the other over a sum 
of functions, 

qjUj.Uz «») _y g»i d (u x + u 2 + + u n ) _sp du ( 

qx £i9. x ' d x ,£idx ' 

u x , u%, .... , u n being each a function of a;. 

If {u t = u k \ fc )=li 3> .... „ , there follow immediately the corollaries : 
The q. c. of a function powered by The d. c. of a function multiplied by 

a constant, is equal to that function a constant, is equal to that constant 
multiplied by the q. c. of the variable, multiplied by the d. c. of the function, 

q (u n ) qu d (nu) du 

qx qx ' dx dx ' 

q (x n ) d (nx) 

±-i — £ = «. -4= — '-=n. 

qx dx 
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(b). The result of the quotientiation 
is not changed if the function is multi- 
plied or divided by a constant, 

q(ux a) qu 

qx qx 

(c). The q. c. of the reciprocal of a 
function is equal to the q. c. of the func- 
tion with its sign changed, 



1 



(i) 

qx 



qu 
qx 



(d). 



q fa + u % + + O 

qx 



1 " 



u, 



«=i 



qu t 

qx 



where F = u x + u 2 + . • • • + u n . 

(e). y=logx, when quotientiated be- 
comes its reciprocal, # = ^— remains 
unchanged. 

(f). The q.c.ofa function of a pro- 
duct of two independent variables is the 
same, whether we quotientiate with re- 
spect to one or the other of the variables, 

qfjxy ) — qfjxy) 

qx qy 

This theorem may be proven as fol- 
lows : 



qx 






The result of differentiation is not 
changed if the function is increased or 
diminished by a constant, 



d(u ± a) 
dx 



du 
dx 



The d. c. of the negative of a function 
is equal to the d. c. of the function with 
its sign changed, 

d ( — u) du 

dx dx 



d(u x . w 3 . ■ • • u n ) >ri du t 

dx ~ * dx 



y — e x , when differentiated, remains 
unchanged, y — */2x, becomes its re- 
ciprocal. 

The d. c. of a function of the sum 
of two independent variables is the same 
whether we differentiate with respect to 
one or the other of the variables, 

<¥(x + y) _ df(x + y) 
dx dy 



35 



270 Moritz : Generalization of the Differentiation Process. 

(g). Ifu = F(z), z = / (x) , we have 

qu qu qz du du dz 

qx qz qx dx dz ' dx 

(h). If u and v are both functions of x, we have 

q(u v ) _ f q(u v ) \ gM , /q (u v )\ qv_ d{u v ) __ d (u v ) du d(u v ) dv_ 

qx \ qu J qx \ qv J qx ' dx du ' dx dv ' dx ' 

and, generally, if F is a function of u x ,u % , .... , u n , where u lt u 2 , ■ ■ • • , u n , are 
each functions of x, we have 

qF _-y /qF\qu t tf_y3# dt^ 

1 X t^l \q. u J Q[ x ' dx t ^i d u i ' dx 

(i). Implicit functions. 

If in the last equation F= 0, it can readily be shown that 

(hE.\ &h + (<l£\ &L 4. (l!-\ 2!^ = o . 

\quyj qx \qu 2 J qx ^9.u n J qx 

For F— F(x, y) = 0, the equation becomes f — ) + (^E^^M- = 0, and hence 

JL li/ J- 

(Si) 

qy \ qx J 

\qy ) 

(j). Successive Quotientiation. 

In general, the q. c. of a function of a; will be again a function of x, and the 
q. c. of this function may be found by the preceding rules. We may, following 
the nomenclature of the differential calculus, designate this q. c. as the second 
quotiential coefficient of the original function, and write 

£y for W , 

qx* qx 

and generally <fy for / q V 

qx n \qx J 

just as we write dry - / d y 

dx n \dxj y ' 
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(k). Change of independent variable. 



Since 



and hence 



_ i qy _ qy <p _ qy lqx 

qx ' qx qz qx qz j qz 



qy__J_ 
qx qx 

qy 



q\_ /q*y 

\QZ Z 



qx 

<fy _ 

qx 3 



\qz" 

~q z y 



q*x\lqx_ 
qz 2 Jj qz 



<?y 



<fx 



q 3 x 



qz 4 qz 6 qz* qz 1 

q 2 y q 2 x 

qzF qz 2 



q 2 x 
qz? 



etc. etc. formulae which must be used, when we wish to change the independent 
variable from x to z. When z = y, these formulae become 



22 =1/ 
qx I 

=(: 



qy 

qx 

q*y 

qx 3 



q*x Iqx 

qflqy' 



qx qy 

qy' qx 2 ~~ qy'lqy 

q"x ix\lqx etcetc 

qy w'\ qy 



7. — Functions of two Independent Variables. 
Theorem T. — If ' u =-f{x + y) , where x and y are independent variables., then 



qu qu 
qx' qy 



For, if we put x + y — z, we have 



but 
Hence 



qu qu qz 

qx qz' qx' 

qz x 

qx~ x + y' 



and W = 91.TL. 

qy q^ qy 

and ^ = ^_. 
qy x + y 



X 



qu 



qu _qu qu 

qx qy qz ' x -j- y ' qz ' x + y 



*L — = x : y . 



Theorem II. — If u = f(xy), where x and y are independent variables, then 

q n u q n u 

qx n qy n ' 



qx r+1 


qx qz 


qx 


q r+1 u _ 

qy r+1 


_ qv qv 

~qy~qz 


' qy' 


9L- 

qx 


= 1, and 




q r+1 u _ 


q r+ hi 




qx r+1 


~ qy^ • 
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Let us assume that the theorem holds for some index r, we will show that it 
then holds for the next higher index r + 1 

Put q r u q r u •, 

*— = 2_ = <w, and xy = z, 
qx r qy r 

then q r+1 u qv qv qz 

and 
but 
hence 

Now the theorem has already been proven when r = 1 (/. §6.), hence it 
holds when r = 2 , 3 , 4 , or any number. 

Theorem III. — Ifu = f(x y ), x and y being independent, then 

^L : Sl=l:\ogx. 
qx qy 

Put z = x y , then 2* =y, and 31 =ylogx; 
qx * qy 

also 

TL-TL 3L=y T>L VL-3^L.3l.-y\ogx^. 

qx qz ' qx qz ' qy qz qy ' ° qz 

Hence, 

2».£L = yTL, y lo ga! -2^ = l:log«. 
qx qy qz qz 

If we put y = log y', that is, if u = f{x Xosv '), the theorem assumes the 

symmetric form -2^ : 2— = log #' : log a;. 
^ §x qy 1 



Proof: 



Theorem IV.—Ifu=f(x, y), x and y being independent, then 

q 2 u qu q*u qu 

qxqy ' qy ~ qyq* ' i x ' 

f y du\ f d?u J^ du du \ 

q 2 u _ g Vu ' dy) __ X \dxdy u ' dx ' dyJ 
qxqy qx du 

dy 

/ x du\ f d?u 1_ du du \ 

q z u _ ^ \~u ' dx) _ \dydx u ' dy ' dx ) 
qyqx qy du^ 

dx 
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whence 



or 



q 2 u . q 2 u 

qxqy qyqx 


x y x du 

du ' du u ' dx 
dy dx 

q 2 u qu q 2 u 

qxqy qy qyqx 


. y_ 

u 

qu 
qx 


du 


qu 

qx 


qu 



Cor. 1. If u=f(x-\- y), then -£ — . y = -± — . x, for in that case it has 

qxqy qy^ x 

been shown in theorem I, ^— : *— = x : y. 

qx qy 

Cor. 2. In order that -± — = -^ — , we must have *_ = 2_ , hence, the 

qxqy qyqx qx qy 

necessary and sufficient condition that the same result be obtained whether a function be 

quotientiated first with respect to x and then with respect to y, or first with respect to y and 

then with respect to x, is that u satisfies the relation *—=*—. u =f(xy) evidently 
satisfies this criterion. 



8. — Functions of Three or More Independent Variables. 

Let, now, u = f(x, y, z), where x, y and z are independent variables, we 
then have, by theorem IV of the last paragraph, 

q 2 u q 2 u qu J qu 



qyqz qzqy qy / qz 



t 



and hence 



( 1 W \ 

-.3,, g2 u „%„ 

+ — 



q*u _ g \qyqzj _ <ju t <fu_ ___ q"u 



qxqyqz q X qxqzqy qxqy qxqz 

q 3 u , q 2 u q^u q 2 u 

qxqyqz qxqz qxqzqy qxqy 



or g 3 ^ , q*u __ q s u q 2 u ^ -, 



Again, putting v = — — , we have 

q*u q 2 v q 2 v qv I qv q $ u q 2 u I q 2 u 

qxqyqz ~ qxqy ~ qyqx ' qx j qy qyqxqz ' qxqzj qyqz ' 

or q 3 u q z u ___ q s u jfu_ rg-, 

qxqyqz' qyqz qyqxqz' qxqz' 
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Finally, multiply [A] by SOL , 

(fu q 2 x q 2 u q 2 u _ q 3 u q z u . q 2 u q*u 

qxqyqz ' qzqy qxqz ' qzqy qxqzqy ' qzqy qxqy ' qzqy ' 
from [B], 

qhb q 2 u _ q s u q^u 
qxqzqy' qzqy qzqxqy qxqy' 

and interchanging x and z in [A] and multiplying by -^ — , 

J. J-iJ 

q s u q 2 u , q z u q 2 u q 3 u q 2 u . q % u q 2 u 

qzqxqy ' qxqy qzqy ' qxqy qzqyqx ' qxqy qzqx ' qxqy ' 

Adding the last three equations and simplifying the result we obtain 

r q s u . q*u q 2 u -i q 2 u r q*u , q 2 u , q 2 u ~\ q % u r-p-, 

Lqxqyqz qxqz qxqy^ <P<ffl \-qzqyqx qzqx qzqy-1 qxqy ' 

Formulae [A], [B], [C], give the rules according to which we may interchange 
in any order whatsoever the quotientiation with respect to the three independent 

variables x, y, z. The law of the interchange of x and y in -2 — - is obtained 

qxqy 

from [C] by putting z = y. We get 



r A + q 2 ™-] t^L — rJ^L + 

Lqxqif qxqy j qy 2 \_qy\x 



•,«„,. -, ,A 



q'u -j qu 
Lqxqy" qxqy J qy" \_qy"qx qyqxJ qxqy 



We next consider the general problem : Given a function of n variables 
u = f(xi , x% , . ■ . , x n ) ; required the rule by which the n th q.c. of u with respect 
to the n variables x t , x it . . ■ ■ , x n , may be replaced by the n ih q.c. of u with respect 
to the same variables in the same order except that the quotientiation with respect to 
any two particular variables as x t and x k is interchanged. 

We shall find it convenient to use an abridged notation so we shall write 



V>„ 



Q x u for 2^ , q'u for ^J , similarly <$ u = JUL-, Q\ XiX% u~ — UL — , etc. ; 
qx qx" qx t qx % 1 * * qx x qx 2 qx 3 

and finally, when there is no danger of confusion, we put Qu for Q„u, Q 2 u for 
Q&u, QxzU for Ql lXj u, Q li3 u for Q% HXa u, etc. Using this notation, the for- 
mulae of theorem IV, §7. and [A], [B], [C] of this paragraph, become respectively 
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Q 12 u. Q % u= Q 21 u. Q Y u, 
QmU + Q\&> = QmV> + <9ia M > 

Qi23 u ■ Qm u = Qm u • Qvi u i 

[<2i23« + Q\zU-\- Qi%u~\ QmU= [§32i^ + Qz\U + Qszu] QlZ™- 

Let us now suppose that the laws for the interchange of variables in the q. c.'s 
of the n th and lower orders are known, and that the equations expressing 
these laws are rational and linear in the q. c. of the highest order. Let 

QiX 1 ...., i, . ,k n +i u be the q. c. in question, and let it be required to find the 

law for the interchange of x { and x k . Then three cases arise : 

Case I.— When *',&=#= 1 . 
Under this assumption, we put 

$1,2, i k n+l U = QlQz, ....,i k, ...., n + l U - 

Now, the law for the interchange of variables in Q% t ( k , +1 « is known, 

hence, if we quotientiate with respect to x the equation which expresses this 
law, we get an equation which is seen to involve only terms of the first degree 

in QlV....,i k ,»+i« and Qlt x ...,k *, »+i«> together with q. c.'s of 

lower orders, i. e. we get the law desired. 

Case II. — When i= 1, h^pn + 1. 

Put QS+i±*,»+it* = v, then Q7X,\..,k » + i«= <$, 8 , k v. The relation 

between Qf <z k v and Q\ % ....,iV is known, h being at most equal to n, hence 

is also the relation between QlX\..., k in+1 wand QlX,\...,i, .....n + i u - 

Case III — When i=l, & = »+!• 

Consider any third variable as x } . We first establish the law for the inter- 
change of Xj and x k by case I. This gives Qlf, 1 ....,, k u in terms of 

#"£*...,* jU. Then we express QH\.. , ft jU in terms of ($,£}.. ., 4 s u by 

case II. Applying now case I again we express QlX, !...,« ^ in terms of 

QiX 1 ..-,}, i u - Between the equations expressing these relations we eliminate 

QiX 1 ... .,*, .. ,,« and QlX,\...i j u an d obtain an equation between QXt 1 ...^, k u > 

Ql%},... j i u and q. c's of a lower order than n + 1 . Moreover this equation is 

rational, and linear in the q. c's of the (n + l) th order. 

We conclude then, that knowing the law for the interchange of variables 
in a q. c. of one order we can deduce the law for the interchange of variables in 
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the q. c's of the next higher, and hence of any higher order, and having already 
established these laws for the q. c's of the second and third orders, the problem 
is theoretically solved. The general formula can not be compactly exhibited, 
but can be readily worked out for any special case. Applied to the possible 
cases of the various quotiential coefficients of the fourth order, we have 

Qmi™ + Qua **= Qa3»A U + Ql2i U > 

Q mi u . Q 23i u — Q mi u . Q 13i u , 

[(W*+ Qm u ] (W* = [QszuU + Qsuu] Qm^, 
Q mi u . Q m u + <2i24«. Q u u = Q ms u. Q 2m u + Q m u. Q %z u, 

[<9l234« + <9l43«] #234« + [<9l24« + &««] Qui™ 

= [Ql43isU> + <9l23«] #432« + [#142« + #123«] Qm™ , 
{ Qim U - QlM™ + Qy^U. Q^U + [§13^+ Qu%™~\ Q U 3 U \ Q m U . Q 313 U 

= \ QlW. U - QmU + #421^- #21« + [Q iS U + #413«] #213** } #123** • #243 U • 

It will be observed that the right member of each of the above equations 
can be written down from the corresponding left members, by simply inter- 
changing the suffixes i and k of the variables x t and x k , and it can be shown that this 
is true generally. 

9.— Successive Quotientiation. 

"We now return to functions of a single variable x. As a rule, the w th q. c. 
of y = f(x) does not admit of a simple algebraic expression, but there is at least 

one exception. For y = log x, SM — £1 = jzl and after that, every 

qx logx qx* log a; 'J 

successive q. c. is equal to . , so that 

logo; 

q n (log x) i _ ± 1 



qx n ' log x ' 

according as n = 1 or n ^= 1 . 

The second q. c. can in most cases be readily expressed. If y = log" a, we 
have 

££ __ 1 1_ 1 

qx log" a: ' log" -1 ;r ' ' log x ' 

and <fy / q log"a; q log"- 1 ^ g log x \ 

qx 1 \ qx qx • • qx J' 
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If y = u.v .w . — , u, v, w, . — being functions of x, 

£1=V2!? and tl=yTi ^i/yff. 
qx ■" qx qx 2 ■" qx qx 2 \ ^ qx' 

If y = u-\-v-\-w + , 

<jy_—_ go? fy_ ggL_— ?«• g^ a* 

^ y« ' ** ~ y«^ " y w 

^J ^ qx *•* 

Using the notation introduced in the preceding paragraph, these formulae may 
be written : 

For y = u.v .w .... 

Qy = XQu, Qy . Q 2 y = XQuQ z u ; 

For y = u+v+w+ .... 

— a — « 

yQy = ZuQu, yQyQ 2 y + yQy = 2uQuQ 2 u + XuQu. 

Let us find an equation involving the third q. c. of y = u + v + w + 
To do this we quotientiate the expression 

2 2 

yQyQ*y + yQy = 2uQuQ 2 u + ZuQu, 

and obtain 

yQyQ?y(Qy + Q % y + W + y<&(<& + 2 W 



-2 



yQyQy + yQy 



-2 



_ XuQuQ 2 u{Qu + Q*u + gHf) + St«Q«(Q« + 2 g a «) 
XuQuQPu -|- XuQu 
and cancelling the equal denominators and collecting like terms, 

yGy + 3ygyG*y + yQyQ'y + yQyQ 2 yQ°y 

= ^uQu + sSjuQuQPu + 'S\uQuQ*u + 2 M $"$ 2t *# Sw - 

An examination of this expression involving <$y, and a comparison of it 
with the similar expressions involving Q 2 y and Qy respectively, suggests the 
following law of formation : 

(a). The left member of the equation is homogeneous of the fourth degree in 

y> Qy, Q z y, Q 3 y- 

36 
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(b). Each term contains the factor y and a cofactor of degree three, which is a 
multiple of Qy, and consecutive ones of the quantities, Qy, Q^y, Q 3 y. 

(c). All the terms, 2* in number, that can thus be formed, occur. 

(d). The sum of all the coefficients on the left is 3 ! 

(e). The right side of the equations can be formed from the left side by replacing 
every term on the left by a sum of terms formed by substituting in that term, for y 
successively the quantities u, v, w, etc. and adding the results. 

We now show that these statements can be generalized for an expression 
involving Q n y and quotiential coefficients of lower orders. To do this we assume 
the existence of an expression formed according to the above law involving 
Q n ~ 1 y and quotiential coefficients of lower orders. Quotientiating this gives an 
expression, involving Q n y and lower quotientials, which obeys the same law. 
But we have shown the existence of such an expression when n — 1 = 3, hence 
the law holds in general. 

(a). The terms on the left are homogeneous of the n + 1 th degree in y, Qy, Q*y, 
..... Q n y , where n is the order of the highest quotiential which is involved. 

Notice, first, that since the q. c. of a sum of terms is equal to a sum of 
products formed by multiplying each term by its q. c, adding the results and 
dividing the sum of the partial products by the original sum, the divisors on the 
two sides of the equation, after quotientiation, will cancel, being equal. The 
quotientiation of a sum of terms equal to another sum reduces then to a con- 
sideration of products of the individual terms by their quotientials. 

Let 

a /3 <r 

AyQyQ*y Q s y, a + (3 + +c = n — 1, s<ra— 1, 

be a term of the assumed equation. Multiplying this by its q. c, we obtain 

AyQy&y ■■■■ &y{Qy + *Q 2 y + PQ 3 y +.•••+ oQ s+1 y). 

This shows that the degree of every term is raised by unity, and hence, if the 
assumed expression is homogeneous of degree n, the expression obtained by quo- 
tientiation must be homogeneous and of degree n + 1 . A new factor Q n y is 
introduced in the case, s = n — 1 , so that the new expression involves 

y, Qy, Q*y, Q n y- 

(b). Each term contains the factor y , and a cofactor of degree n , which is some 
multiple of Qy and consecutive ones of the quantities Qy, Q % y, . . . . , Q n y. 
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That each term contains the factor y is obvious when we remember that 
each term of the result of the quotientiation contains some term of the original 
expression as a factor. Again, every term except the last arising from the quo- 
tientiation of a single term contains all the constituent factors of that term, while 
the last term contains, besides the original constituents Qy, Q*y, . . . . , Q s y, the 
new constituent Q s+1 y. 

(c). All the terms of degree n + 1, 2 n_1 in number, that can be formed to satisfy 
(b), occur. 

Every term of the (n + l) th degree can be formed from some term of the 
n th degree, by either increasing the exponent of some Q by unity, or by adding 
the factor Q n y . Both possibilities are exhausted during the process of quotien- 
tiation. Hence, all possible terms occur in the expression of the (?i +l) th degree 
provided all possible terms exist in the assumed expression. 

The total number of these terms is 2™ _1 , for, to every term in the assumed 
expression as 

yQy Q 2 y — Q"y> i + a + (3 + — + c = n , «<» — 1, 

correspond two terms in the final expression, viz. 

yQy^y~Q z y ••■• G*+V, i + i+a+/S+ .... +<r=n + i, s + i<n, [A] 

and 

yQ!?<ty ■■■■Q r y, 1 + (a + l) + /? + •••• +<r = n+l, s<n, [B] 

It is clear that the terms thus derived are all different. That the totality of 
these pairs of terms exhausts all possible terms in the final expression is evident, 
since any term in the final expression as 

yQytfy ■ ■ • • Wy, i+«' + /?' +•••• +<S = n+ 1, r<», 

is of the form [A] or [B] according as a = 1 or a =fc 1 . Finally, because of this 
one-to-two correspondence between the 2" _a terms of the assumed expression, 
and those of the result of quotientiation, the number of terms in the latter is 
2 n ~ 2 . 2 or 2" _1 . 

(d). The sum of all the coefficients on the left is n ! 

Let one term of the original expression be Ay Qy Q % y .... Q s y. Quotien- 
tiating this, we get, for corresponding term in the numerator, 

Ay QyQ'y • • • • ^y (Qy + aQ*y + PQ?y + .... +oQ s+1 y), 
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the sum of the coefficients of which isJ.(l+a+/3 + .... + <r) = An . Similarly 
for every other term. The original coefficient sum n — 1 ! is hence multiplied 
by n, giving n\ for the final coefficient sum. 

(e). The right side of the equation can be formed from the left side by replacing 
every term on the left by a sum of terms, formed by substituting in that term for y 
successively the quantities u, v,w, etc., and adding the results. 

To any one term in the assumed expression, as Ay Qy Q 2 y .... Q s y , there 

corresponds on the right-hand side a sum of terms AZuQu Q*u .... Q s u. Con- 
sider the terms that are yielded by these corresponding terms on quotientiation. 
The left term yields 

Ay~Qy +1 &y .... Q>y + aAy~Qy~qy\ . . . Q*y + .... _^ 

+ a Ay QyQS) .... Q' +1 y, 
while the corresponding right side sum yields 

Au Qu~Q*u ~Q s u (Qu + aQ % u + j3Q 3 u + .... + aQ s + 1 u) 

+ Av QvQ r v .... Q s v{Qv + aQ 2 v + (3Q 3 v +....+ oQ s+1 v) 

+ 

+ etc. 

This, by summing terms which stand under each other, may be written 

AXuQu + Q 2 u Q s u + aA2uQuQ*u Q s u + 

+ <rAXuQuQ 2 u Q s+1 u. 

We see then that the law expressed in (e) holds for the results of corresponding 
terms, hence also for the collected results. 

We have now determined everything except the specific coefficients of the 
individual terms. To find these, let us consider the general term of the expres- 
sion giving Q n y, viz. 

AyQy Q 2 y Q 3 y ■ ■ ■ ■ Q r yQ s y, a + /? + y+ ■••• + P + <r = «. 

This term is obtained by multiplying each of the following terms belonging to 
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the expression for Q n ~ 1 y by its respective q. c, 

A-iyQy~Vy V*/ •■•• &y Wy *y Qy, 
Bn-wQyQhj'&y .... Q r y~Qfy " a&y, 

Cn-.yQyV'y <2?~- ■ ■ ■ VyQ s y " P&y, 



K-iyQy Q 2 y Q 3 y ■■■■ Q r yQ s y " ?Q s y- 

Adding these products and collecting the coefficients, we see that 
A n — A n _! + a J B„_i + pC n _! + + pK-i i 

a formula which enables us to compute the coefficients of the expression for Q n y 
from those of the expression for Q n ~ 1 y. The computation of the complete 
expression for Q n y becomes laborious when n is large. The properties set forth 
under a), b), c), d) and e) furnish efficient checks for the computation. Below 
we give the expressions for n = 4, 5 and 6. 

n = 4. 

yQy + *yQy$y + lyQy&y + 4yQyQ?yQ s y + yQy&y + *yQyQ*yQ 3 y 

+ yQyQf&y + yQyQ?yQ a yQ l y = XuQu + etc. 

n = 5. 
yQy + WyQy&y + MyQy&y + 10yQyQ 2 yQ 3 y + \hyQy($y + 2t>yQyQ*yQ 3 y 

+ tyQy&y&y + *yQy<?y<$y<#y + yQy&y + zyQy&yQ 3 y 

+ lyQy&y&y + ^yQy¥y^yQ 4 y + yQyQ*y<?y 

+ syQy(?y<?v<?y + yQyQ'yQ'yQ'y + yQyQ 2 yQ?yQ 4 yQ*y 

5 

= XuQu + etc. 
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n— 6. 
y Qy\ ihyQytfy + MyQy&y + 20yQy~Q*yQ s y + 90 y (&'<?£ 

+ lObyQi'tfyQPtf + \f>yQy<?y(?y + lSyQyfyyQPyQ'y + ziyQy&y 

+ \0\yQyqfyQ?y + 67yQy(?y&y + MyQy&y&yQht 

+ QyQy<?y<?y + ^yQyQWy^y + tyQytfyQWy 

+ *yQy<?y<$y<#y<$y + yQy&y + lOyQy&ytfy + MyQy&y&y 

+ lOyQyQ'WyQ'y + UyQy&y&y + MyQytfy&Wy 

+ zyQy(?Wy#y + zyQy&yVyVyQy + yQyQWy 

+ ByQy&y&yQ'y + tyQyQWy&y + *yQy<?y<?yQhi<?y 

+ yQy$y<?y(fo + 3yQyQ*y$ ) yQ'yQ*y + yQyQ'yQ'yQWy 

+ yQyQ'yQ'yQ'y^yQ'y - ZuQu + etc. 

It is now easy to find the successive q. c's of a product. For if 

y =u.v . w .... , 

then Qy = Qu + Qv + Qw + , 

so that, in order to form the expression for the « th q. c. of a product, we need 
only to substitute in the expression for the n — 1 th q. c. of a sum 

Qy, Qv>, Qv, etc., for y,u,v, etc., 
and generally 

Q r+1 y,Q r + 1 u, Q r +h, etc., for Q'y, Q*u, Q r v, etc. 
Thus, if y = u . v . w .... , we have for n = 3 and n — 4 respectively 

QyQ*y + zQyQ 2 yQ 3 y+ QyQ*yQ 3 y+ Qy Q 2 yQ 3 yQ*y = 2 Qu&2 + etc., 
Qy Q 2 y + GQyQ 2 y Q s y + iQy Q*yQ*y + *Qy Q*y Q 3 y Q*y + Qy Q 2 y Q*y 
+ 3 Qy Q>y <?y Q*y+ QyQ'y Q 3 y Q*y + Qy Q 2 y Q?y Q'y Q*y = X Qu gC + etc., 

10. — Syzygies connecting Differential and Quotiential Processes. 

It remains to consider operations into which differential and quotiential 
processes enter conjointly. In discussing such, it is convenient to use the follow- 
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ing notation : 

similarly, 

DQDy= d J^M, &Qy = d ^m, QDQy = ?igM, etc. 

It is now easy to express these various mixed operations in terms of succes- 
sive q. c's alone. We have 

I. 1. Dy=l~Qy, 

II. 2. QDy=Q(jL Qy)=Q*y+Qy-l, 

similarly, 

3. DQy = ±QyQ*y, 

4. &y=-\Qy{Q i y+Qy-l), 



in -5 amy - $tiiQ-y± Qy) 

III. 5. «/*__ ^ ly+ ^_ 1 , 

6. g#Gy= gty + e 3 2/-i> 



9.DQDy=$?l(QSy + Qy), 



io. &Q y = 9yQri { Q?y+ g» y _i), 

11. Z) 3 */ =-\Qy(QDy-QDy + xDQDy) 

These mixed operations may also be expressed in terms of differential pro- 
cesses alone, but in most cases the resulting formula are more complex than 
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those given above. For instance, 6) and 8) become respectively 

3 8 

QDQy — — 2xDy — 2yDy — ZxyDy^y + V^V + xy % D % y 
* yDy + xyD 2 y — xDy 

4 3 2 2 

D q% _ xDy — yDy — xyDyPPy + y 2 DyD 2 y + xfDyD % y — xy 2 P 2 y _ 

tfPy 

Each of the groups of operations, I, II, III, is connected by a remarkable 
syzygy, which affords a convenient check in the computation of successive groups. 
I. We may write 

Dy x —i. 

Qy' y ' ' 

If we eliminate Qy and Qy from the equations under II , we have 

&y StlL x — i 



QDy'DQy- y 
Eliminating Qy and Q 2 y from the equations under III , we find 

El &. RHi 9£9m ± = i 

($y- D 2 Qy- Q&y- DQDy- y 

and similarly, if we should use the groups of equations into which respectively 
four and five successive operations enter, we would find the syzygies, 

D'y Q'y D'Q'y Q*P 2 y PQ'Py QP'Qy PQPQy QDQDy ± =1 
QP*y • PQ 3 y ' QPQ*y ' DQ&y ' Q*Py ' P*Qy ' Q*PQy ' P*QPy ' y 

and 

P*y P 3 Q 2 y P*Q z Py D'QDQy PQ'y PQ 2 P 2 y PQP'Qy D QDQDy Q 2 P 3 y 

-ffij ■ (?B>y ' QWQy ' Q'PQPy ' QPhj ' QP*Q 2 y ' QPQ*Py ' QDQDQy ' P 2 Q*y 

QDQ'y Q'D&y QDQ&y Q'Dy QD'Qy Q'DQy Q&QDy *._, 

' DQD*y ■ P*QP 2 y ' PQPQ'y ' P*Qy ' PQ 3 Py ' P s QPy ' PQ 2 PQy' y 

Prom these special cases a general law can readily be deduced. In fact if 
F 1; F % , .... , F„, represent the factors in the numerator, and/j,/,, .... ,/„, the 
factors of the denominator of the syzygy connecting operations of any order, 
then 

n v> F < • e/5) 

4=1 = 1 

represents the syzygy connecting the operations of the next higher order. 
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11. — The Process ) 8 in the ordinary Algebra. 

We have shown how a consistent calculus can be built up in which the pro- 
cess of quotientiation occupies the same place that the process of differentiation 
occupies in the ordinary calculus. This calculus is not only consistent but could 
be used, though with less ease than the differential calculus, to represent many 
facts of the universe. For just as it is arbitrary whether we represent aggregates 
by sums, or products, or powers of certain of their constituents, so likewise is it 
arbitrary whether we consider growth as accretion or expansion, and change of 
any kind as caused by additive or multiplicative processes. In the one case, we 
give to the element which is considered independent in its change, an additive 
increment dx, in the other case we give it a multiplicative expansion qx . While 
it may be convenient in practice to measure absolute change by subtracting the 
initial state from the final, and relative change by division, it is not necessary to 
do this. We could measure all primary change by dividing the final state by 
the initial, and relative change by computing the logarithm of the final state 
with reference to the initial as base. If logarithms not ratios, powers not 
multiples, were the functions sought in practice, quotientiation would logically 
take the place of differentiation, and would probably have preceded it in the evo- 
lution of mathematical knowledge. 

Let us next consider whether a consistent and possible calculus could be built 

up involving the process -ft . J^- was defined as limit {F(x ) 2 h) — a F(x) — s h\ , 

d$c d%x h = M t 

an expression which involves the symbol — 3 . The ordinary algebra is not 
usually extended beyond the process ) a and its inverses, that is, beyond involu- 
tion and its inverses, evolution and the finding of logarithms, so that the consid- 



eration of -r^- necessitates a short preliminary discussion of the process ) 3 and its 
d % x 

inverses. 

The equation a ) a a )% to b terms = a ) 3 b , 

when applied to the ordinary algebra, and written at length, becomes 
a [ * and we shall denote this by d— , where b is the number 



(w°) • 




of a's which are involved. If we interpret generally a^=l to be that function 
37 
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which, when raised to the a th power, gives ali, we have immediately all = a, 
al2= \Z a , a 1 — = \^Va~, and generally, 






where the expression in the middle contains (b + 1) radicals, that is, (b + 2) 
letters a . 

The first inverse x = a — 3 6 is defined by cc^ = a, and we shall denote the 
x thus defined by x = —a. The second inverse x = a — 3 b is defined by &L£ = a, 
and the a; satisfying this equation we denote by x = r^ 6 a , which we read x equals 
range of a to the scale b , "We have then for the complete definition equations 
of the first and second inverses of a'— respectively 

(£Ja)i±=a and &HZ£2= a . 

all may also be written a ab ~\ and using this relation, we may easily estab- 
lish the following rules of operation : 

(a). (x.y)UL={x\2-y-\{y\2y-\ 

(b). (x v )te-=(x" n - 1) v + y, 

(c) . (a;IX.)L2. = x K"- 1) * i, - 1 +y, 

(d). (als±* = ((*£■)• = (aUL)-, 

(e). log a ai^. = a a,J '- 1 , 

(f ). log a (oltti) = a log a (aUL) . log a (a* ) = ^ , 

(g). log a (ali. alx) a = a* + a?, 
(h). log ali (a^)=a m - re . 

The differential and quotiential coefficients may now be readily computed 
The work is so simple that we shall give only results. 

(i) y = x*, ig = j*--»(i + S-=llogaO. |f ^^(l+o^Tlogx), 
(j) 2/ = a ^, -^- = y loga logy, || = a; log a logy. 

/ k \ „ _ j- dy _ ylogy 1 _£y_ _ logy 



dx xlogx' 1+ (a — l)logy' qx logaj'l+(a — l)logy' 



a) y—^a dy — y lo %y iy — xl °sy 

' dx log logy — rgjx ' qx log logy — rg e a ' 
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/ \ dy 1 ay 1 

(m) y = rg a x , ^f- = — = , , -^- =■ —. -. , 

ax x log x log a qx y log x log a 

/ n \ v — r aa dy ~ — * + (y— l)loga; qy _ 1 + (y — l)logs 
(n) y_ W> -^ - ^^ , — - . . ' 

x log as a y log a; 

12. — The Limiting Process Denoted by -^ . 

a'l = a , hence the equation a ) 2 M 2 = a is satisfied and by theorem I, Art. 2, 

$& = Km\F(x) % h)~ 8 F(x) ^ % h\~M t ^ % M z 
a%x h=M 2 

is indeterminate. When ) 2 , ~ g , — 3 and M 2 are replaced by their algebraic 

equivalents, we denote this limit by -f- , so that 

ry 

= 1 + lim ] log, log, log, w F(x h ) \ . [A] 



rx 



ra =J i = ^i r ^ 1 °g^) jP ( a;fi )^ 



A = l 



= l + lim-i^ lo g^>^-^H. [B] 

ft =i [ log A j 

Either of the last two forms is convenient for the evaluation of the indeter- 
minate. "We consider some special cases first, 
(a), y = as". By formula [B] , 

^- = 1 + lim { rftkg-O 6 *)" — r flft I = l + lim 1 ZSAzzISA I = X 
ra a=i ( log^ J i=i-l logA j 

(b). y = a* 2 -- B y formula [A] , 

%L = l + lim {log A log A log/a (sc*)l2.f. 

Put x = e z , then log.te (x ft )l^ = log (e hz )\Jt/log (e')'A 
Now, by formula (b), sect. 11, 

(e^LS- = ((J c-i) >«+! )»« an d (e*)li = (eK"""'" 4 " 1 )*, 

so that log (e A2 )l2-=^2e (n - 1) ^ and log (e^ = 2e (ft - 1)2 . 
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S 1 & ze*-v* ] q~x ~qJ + qz 

= l+(n— l)z= l+(n— 1) log as, 
so that finally 

^- = 1 + lim {log ft (1 + n— 1 log as) f = 1 + <» = », 

ra 7» = 1 

unless n = 1 , the case which has already been considered, 
(c). y = e*. By [A] 

^ = l+limjlog,log,log e *«)^ 
rx ,=i 

l0g„ <f* = 10^(6^= a*" 1 , 

hence ^ = 1 + lim <log, log, (x^ . 



Put x = e*, then a ft_1 = <?**/«*> 



and 

lim | log, x^\= lim j log, £ 1 = ^ = * = ^g * , 

so that finally 

-^ = 1 + lim -j log, log cc } = 1 -)- oo = oo . 

v X ft =1 

In each of the foregoing examples except the first, we found ^ = oo. We 

ry • 
shall now prove that y = a;" is the only possible function of as for which — is 

finite. 

Let ?/ =f(x). We have 



ra a = i 

which, on putting x = e* , becomes 



25 = 1 + lim | log, log, log /ix) f(x h )\ , 



now 



ra ft =i ( log/(e*) j 

, = i ( ° log/ (e*) ) qz 

S=1+ H_ m J,„ g .[«»]}, 



so that 

-~ ~ i -t- uui i 1UM,,. I ■*--- 

#2 
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and since log x a = oo, a =f= 1 , this expression = oo unless *- — "^ - = 1 . But 

qz 

glog/(e*) _ qlogf{e*) qf{e*) q<f 

qz g/( e ') " g e * ' <P ' 

and g log/(Q L_ g/(e*) _ gy ge* _ g — 1n „ _. 

qf(<?) ~ log f {?) ' ge° ?:» ' gz S ' 

so that q log/(e*) log x qy x log x dy 

qz log y qx y log y ' dx 

and that this may equal unity, we must have ^ = , \ I , which, therefore, 
J u J dx log (a;") 

is the condition that — ^- =fc oo . 

rx 

This equation of condition may easily be solved, for, on separating the 

variables, we have 

dy dx 

log iy ) ~ log (o ' 

hence f* dy t* dx -, . f dy -. , 

I i /In — I ! 7-x\ — c > and smce / i 7~Z\ = log log V) 

«/ log (y») J log (a? 1 ) J log (y v ) & & ^ 

the equation of condition reduces to 

log log y — log log x = c. 

This equation is transcendental in form only, for 

log log y — c + log log x, 

log y = e c+loslosx = e c . log x, 

y = e 6 '- loex = (e logx y = x e ' = x n . 

where n = e c . We conclude, therefore, that -&- = 1 or », according as y = or 

is different from x n , a fact which must render inadequate any calculus involving 
only these limiting processes. 

13. — De Morgan's Extension op the Algebraic Processes. 

It would appear from the foregoing articles that the algebraic processes do 
not admit of a generalization of the process of differentiation, that in fact the 
only possible extension of any consequence is quotientiation. This inference is 
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erroneous. The fault lies with the extension of the algebraic processes them- 
selves. We shall see that a loet as well as a b may be looked upon as the a ) 2 b of 
the ordinary algebra, and that when the former is chosen, a consistent calculus 

may be built up in which -^- is the limiting process employed. In fact, by 

choosing properly the functions 

a (b) , (^(b) , a n (b) , 

w_i(6), a_ 2 (b), o_ K (5), 

which enter into the definition equations of associated processes (art. 1), we shall 
arrive at a set of processes in which a -^ exists for any two consecutive prO- 
cesses ) n _ 1 and ) n . 

De Morgan* has shown how to extend the algebraic processes both forward 
and backward without violating the principle of the permanence of the formal 
laws of the addition and multiplication processes. If, in the equations in art. 
1, we put t) (b) = b, the ) and ) x processes can at once be identified with the ordi- 
nary arithmetic addition and multiplication. If furthermore, we put 

ai (b) = b))r, 
a 2 (b) — b))r, 

n 

«»(&) = b))r, 
where ) ) represents any process such that 

a) 1 b))r = a))r) {b))r), 

n 

and b))r=b))r))r)) .... to b + 1 terms, 

then a) n+1 b))r=a))r) n (b))r). p] 

The proof of this proposition is easy. Let us assume that for some n 

a) n b))r = a))r) n _,(b))r), 
then, by definition, 

n 

a)n + ib = a) n a) n .... to6))r terms. 

c De Morgan's " Extension of the Algebraic Processes," by Christine Ladd, American Journal of 
Mathematics (1880), vol. 3. 
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hence 

n 

« )»+i b ))r=(a) n a)„ to b))r— 1 terms) ))r )„_i(a)) r), 

— {a) n a) n to b))r— 2 terms) )) r )„_i(a ))r)) n _ a (a)) r), 

= a )) r ),_, (a )) r) )„_i to b )) r terms, 

n— 1 

= a))r )„_! (a )) r) )„_ 1 to (b )) r) )) r terms, 

= a )) r )„ (b )) r) by definition. 

The proposition holds, therefore, for any « if it holds for some particular n, 
but by hypothesis it holds when n = 1 . 
By a re application of [I] we have 

a) n b))r = a))r) n _ 1 {b))r)))r, 
= a))r) n _ 2 (b))r)))r, 



= a))r) n _ p (b))r)))r, P p<n, [II] 

when p=zn, this becomes 

a) n b))r n =a))r) (b))r). [Ill] 

By definition, page 2, 

so that we may put a^ r = a)) r without destroying the law of indices. Simi- 
larly, 

n n 

us r^ri; tora + 1 terms =a^r = a )) r. 

» 

If, now, we take o_. n (b) = b))r, all of the processes in art. 1 come under the 
single formula 

— -n 

a ) n a ) n .... to b))r terms =a )„ + i&, 

when n may now be negative as well as positive. The fact that n is positive 
does not enter into the proof of formulae [I] , [II] and [III] , so that these also 
hold when n is negative. 

Formula [III] shows how any process, whether positive or negative, may 
be expressed in terms of the addition process, hence, the existence of a )) process 
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necessitates the existence of all the ) processes. Now, log 6 a satisfies the defini- 
tion equation of the )) process for 

log (m . n) = log m + log n , 

hence all the processes, both positive and negative exist and may be written out in 
terms of the addition process. 

Again, equation III, shows that the process ) n is commutative ; it has, there- 
fore, but one inverse — n , and since 

log (a -r- b) = log a — log b , 
the equation a — i b )) r — a )) r — (b )) r) 

is satisfied, from which equations I, II, III follow with )„ replaced by — „. We 
have finally, in accordance with the definitions of article 1, 

aT n b))'r-a)Tr\(h)~r). [IV] 

If the natural logarithmic process is the )) process employed, 

a))r = loga, a))r = e a , 
and [IV] becomes 

e (log»aq=log»i>) 

(n) 

a T n b = e , 



aT_ n b = \og n 



{n) (n) 
e =pe 



(n) 

according as the index of T is positive or negative, and e signifies e e to n e's 
just as log" signifies log log .... to n logs. If we write 



(n) 



e a = log _1 a, e 6 "= log~ 2 a, and generally, e = log n a, 



Moritz : Generalization of the Differentiation Process 293 

aj. n b, and aj_„b may be written 

aJ n b = log - " [log" a =p log" 6] , 
«T_ w 6 = log" [log - * a =p log - n 6] . 
In particular, we have 

ajj) = log -4 [log 4 a =f log 4 6] , 

aT 3 6 = log -3 [log 3 a t log 3 b] , 

aT 2 b = log -2 [log 2 a =f log 2 6] = a 1 x loei , 

aTyb = log -1 [log a =f log V] = a J & , 

aT 6 =«Ti, [A] 

aT_i& — log [log -1 a qFlog~ J 6], 

oT_ s 6 = log 8 [log -2 a =p log -2 6] , 

aj_ 3 b = log 3 [log -3 a =^log -s &], 

«T_ 4 6 = log 4 [log -4 a =f Jog -4 6], 

etc. 

Finally, eacA of the processes T n admits a modulus. To show this, we put in 

n 

[III] , b = JMJ, )) r, Jf being the modulus of the process T - We get 

aj n (M ))r) ~r = a )~r T (Jf )) r" )7r), 

n m 

= a))rTi^ = a))r, 

n n 

hence aj n (M )) r) = a, that is, J^ )) r = M n . 
But ifo exists, being 0, hence 

M n = log- n 0, M_ n = log n 0, 

according as the process in question belongs to the positive or negative series 
In particular, 

M = 0, M 1 = \, M s = e, M 3 = e e , M t = e e ', etc., 
Jd = — », if_ 3 = log(— oo)* Jf_ 3 = log 2 (— »), etc. 

14. — General Extension of the Differentiation Process. 

The theorem last proven is of utmost importance. For, since every process 
)„, as now defined, admits a modulus, it follows from theorem I, art. 2, that 

dnV 



d n x 



= M n _ l ^ n M„ 



n Ju -n — -1 



*Here log ( — co)z=log ( — 1) + log°°, where logoo = lim [logs], * being a positive real number. 
38 
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is indeterminate, and it remains to show that this expression can be evaluated, 
i. e. that it has a distinctive determinate form in every case. This problem we 
will now consider. We begin with some special cases. 

(a). ||, „ = ,<„). 
Referring to the forms [A], art. 13, we have 

% =.5S \ F{x) ' h) ~' F{X) ~*} = ES I log ~ ! t log! tw ~ log "*] \ 



(b). 



— log - 1 — — 6^ ' dai 

«? log 85 



d % x ' 



^ = lim\F(x) z h)~ z F(x)~ 3 h\ 
a z x h=M i 

= lim j { log" 3 \ log 3 log" 2 [log^log" 2 log 2 x + log 2 A) — log 2 F(x)~\ — log 3 h) \ I . 
Let us put log h = Jc, log x = z, then & = 1 when h = e, and 



hence 



.F(log- 2 log 2 x + log 2 A) = F{fP) , 
log" 2 [log 2 F{<*) - log 2 (^(x)] = log- J jffiffi , 

^ { ** ^ W) ~ log**} = log- 2 log, g*$ , 

= log- 2 g Io §y = log- 2 g log y = e «™ ' J ' 
q log x d log 2 x 



hence, 
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(c). *=*. 
d_ % x 

p® = lim \F(x U 9 h) ~- 9 F(x) -^h] 

d_ % x h=uJ 

=lim { log] log-^og 2 [log- 2 i^(log 3 log- 2 a+log- 2 h)— \og-^F(x)~\— \og~ l h\ I. 

ft=log 3 I ) 

Put log -3 A = k, log _3 a3 = z, then k = 1 as h = log 2 0, also 
i^log 2 log- 2 a; + log- 2 A) = JP(log 3 zk) , 

log 2 [log-^(log 3 zk) - log- 2 F(x)] = log 3 { l0 g g ^^ [ , 

lo J lor , t 3J log- 3 ^(log 3 ^) 1 _ l0£ -! A 1 _ lo -, loff ( log- 3 ^(log 3 ^) ) 
log ^ log log I log - 3i , (]og 3 2) } 1<* A}- ^g log, | lpg -. jP(l0g . 8) -}, 

'*=£ = log 2 { lim [log, logTin^ l 1 = ^ ? ^""^g^ 

^_3« I & = 1 L & Jog 3 #(log 3 z)J| & £2 

q log 3 a; d log 2 cc 

= ios»r— •— -^n 

(d.) 7%€ general case ~~ , for any positive or negative index. 

d n x 

Whether n is positive or negative, we have 

p-= \im\F(x) n h)~ n F(x)~ n+1 h\ 
a n x h—M n 

— lim jlog- (n+1) \ log B+1 log-" [log" J? 7 (log"" log" x + log" h) 

— log"JF*(as)] — log" + 1 Af | 
( W" lo«r-(— « 1 og"" 1 ^(log" (,, - 1) log n - 1 ^log"- 1 ^) ) 

r .!, _. og og log"- 1 ^^) >. 

= hm / log * — y s LJ i 

ii-iog— o I log ft J 

If we now put log" -1 A = k, log" -1 a; = z, then as A approaches the limit log - " , 
k approaches the limit unity ; also 

log— ^(log-t— *> log"- 1 a; .log"- 1 A) _ log" -*F (log- ( — ]) 7fc) 
log— IF (a;) " log"- 1 J F(log- ( "- ,) z) ' 
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log"-ijP(lo g -(»-i) 2 ft) 
42= lim i log"" - log-^qog-^-^) 



log & .' 

= loir • j iim rioa log-'-g'Oor -^) -] I 

log i urn [_iog & log n_ liP(log _ (n _ 1)2) J j" 

= w- glog- 1 ^) = loe -» g log"" V 

& gz & ^log" _a a; 

=l0 „-»^. 



<2 log"a; 



When n is positive, this may be written 



9 d 



■log?* — ig log"— ^ log a? as <% 



eLl°K" _1 !/ ' log»-V' " logjr ' y ' dx 



' y ' dxJ 



(ft) 



d„x 



[A] 



[B] 



When » is negative, say ft = — m, 



d m y 

d_ m x 



= log m l^ 1 ? = log m \ 
B d log _m jc & 



r e» e" 




(?n) (m — l) 




e* e' 


e 2 ' c?^ 


e* ' <f " 


<f ' dx 


(w) (m— 1) 




e e 





[C] 



We shall call d f£ the raftew* of the n th order, so that the ratient of the 

a n x 

zero order is the ordinary differential coefficient, the ratient of the first positive 
order is the exponential of the quotiential coefficient. 

Tormulse [B] and [C] express the ratients of the n th order in terms of dif- 
ferential coefficients, but it is possible likewise to express ratients of the n th 
order in terms of the ratients of any lower or higher order. We have in fact 
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d n y _ 1 . d log" y _ ,.„ r d log n y d\og H ~ 1 y ^log"- 1 ^ -. 
d n x 8 dlog n x & Ld\og n ~ 1 y ' d\og n ~ 1 x' cUog n a; J 

_, _ TC r log"- 1 ^ d log n ~ 1 y -i _ , _„ r log"- 1 ^ , n _ l , _ (B _i) c^log" -1 ^ 
~ g Llog"- 1 y ' d log"- 1 J ~ g Llog"- 1 y " S S d log— W 

similarly, 

dn-iy _ 1o „-(»-d r log"~ 2 a; } ._, <k-»y -i 

d n _,x B Llog K - 2 2/" B dn-txy 

so that 

<4y _ lo „-»rlog^£ log"" 2 as } „_ a <- 2 y -| 

and, generally, 

4^ _i n£r -» rlog^£ l og"" 2 a log"~ r «: , „- T <_ r y -| rT)1 

d^se 8 Llog"- 1 y • log"" 3 ?/ " " log"- r y ' 8 <_ r a;J ' L J 

Again, 

dr& -I os -ndlog^y_ l Off -»r^jog^_ dlog" + 1 y dlog" + 1 a ;-| 
<2„a: 8 dlog"a; s Ulog n + 1 y 'dlog n + 1 x ' dlog re a; J 

-l^-nrlog"y dlog^V 1 _ 1 rlog"y log « + i loff -(« + i)£log^V| 

S Llog^-dlog^+^J -108 Llog"* g g dlog"+ 1 J 

-lo^-"r logWy loe"+ 1 ^+^l 
and, generally, 

^ = l 0g -»r l0g * y l °g n + 1 V l0g n + T - 1 y l n + r dn + rjn [ft] 

d n x 8 Llog"a; ' log n+1 a; log' ,+r - 1 £c ' s d n+r xJ ' L J 

Successive ratients may be readily expressed in a compact form. For 
instance, whether n is positive or negative, 

d r^i d log™ r^n a ( dXo ^y \ 

dly _ dn L^J _ ,_„ ] ° g UJ = log -„ * Id log J 
tf^- - ^ g dlog-* g dlog"* 

_10g (dloga;) 2 ' 
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and hence, assuming that 

^X -1 8 (dlogas)'- 1 * 
it follows by induction that generally 



<j/- log -» <yiog"y rpi 

d^ 8 (dlogx) r ' L J 



15. — General Ratientiation Formulae. 

Let us now form the ratient of the m ih order of the u T n v , u and v being 
functions of a;. We have from the preceding paragraph, 

for m>n, 

d m (uT n v) _ l , d log ro (m T ft «) 
d M a; 8 d log™ as 

= l og — .f rflog-foT.tQ dlog— ^T.tQ dlog'+^ttT.p) dlog"(MT.p) -i 

8 U log" 1 " 1 (« T„ ©) " d log" 1 - 3 (ttT.c) d log" (u T n v) ' d log™ x J 

— log— f 1 1 1 d{\o^u^\og n v) -\ 

8 Llog" 1 - 1 (« T K v) ' log m - 2 («T„») log n (uT n v) ' d log™ a; J ' 

now 

d log" u __ d log" w d log w + 1 w d log— 1 ^ d log m u 

d\og n x~ d\og n+l u' d\og n+% u d\og m u '(Hog" 1 a; 



so that finally 



= log"w . log n + 1 « \oa m - l u . log M ^ , 

d m x 



log" u . log n + 1 u log™ -1 u . log m f^ 

d m x 



7 , T , =f log"v . log" + 1 « log" 1 " 1 v . log" ^ 

d m {uT n v) __. ° d m x . r A -. 

d m x _10g log"(« T n v)\og n + 1 (uT n «).... log— ^T^) ' L J 
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for m<n, 

d m (uT n v) _ Y m dlog m (uT n v) 

d m x S d log m a; 

^ ln „- m r d\og m (uT n v) d\og m + 1 (uT n v) dlog^juTnv) dlog n (uT ttV ) -\ 

g Ld\og m+1 (uT n v)' dlog m + *(uT n v) "" d\og n {ul n v) ' dlog m x J 

= log- [log m (uT n v)Aog m ^(uT n v) .... log-^MT.o). ^^^ ^ ] . 

and since 

d log" u _ t? log" w d log"~ 1 ^ d log m + 1 u d log m « 

d log" 1 a; ~~ d log n ~ 1 u' d log re_3 M d log 1 " « ' d log"' a; 

' 1 E loa 1 " 1 M 



log''- 1 u ' log"- 2 m log"* u ' B d m x' 

we have 

(log"" 1 U . l0g n ~ 2 M log" It)- 1 l0g m J^ 

a m x 

q= (log" -1 «.log"-*« log" 1 ?;)- 1 log" 1 $=? 

<4 (« T„ y) _ , ^_a; rn-| 

dL* ~ S Dog"" 1 (« T K ) . log"" 3 (« T„ „) . . . . log™ (u T n v)]- 1 ' l J 

Formulas [A] and [B] enable us to express the ratient of two functions com- 
bined by any process, as exponentials or logarithms of sums of multiples of the 
ratients of the functions taken separately. The extension of the formulas to the 

distribution of dm over u,v,w, etc., in < k( MT » p T» <gT »> etc. . g obvioug 

a m x 

When m = , [A] and [B] become respectively 

N log"M . log" + 1 « . . . log- 1 ?* . ^ t log tt *> . log"+H> . . . log- 1 * . ~ 
______)_ dx dx n<Q 

dx \og n (uT n v)log n+1 (uT n v) ....\og~ 1 (uJ n v) 

d(U Z nV) = (« T ^) ^g(uT a v) .... log->T n t>) 



dx 

^ I .... . --._ - + - _. . , . . . . 

u ' log u log* ~ 1 u dx v log v log ; 



r 1 . 1 .... l du i i i__ __-, 

U logu loe n - 1 M dx v logv \og n ~ x v dx-1 ' ' 



which are the formulas for the differential coefficient of two functions combined by 
the n th process. 
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When n= 0, [A] and [B] yield 
d m (u =F v) 

Ct> m X 

u log u \og m ~ 1 u . log" 1 i^ =f v log v log" 1 -^ . log m ^ 

= log"" 1 , ^ <^ m ^ 

& (« + v) log (m + v) . . . . log™- 1 (u + t>) > ' 

(l0g- X M . log" 3 ?* .... log^tt)- 1 log m ^ 

7 . . =F (log- H; . log- H log m w)~ > log™ $^ 

d m x b (log" 1 (" + v) log" 2 (u + v) .... log™ (« + v))- 1 ' ^ 

formulae which express the ratient of a sum of functions in terms of the ratients of 
the functions taken separately. 

Putting n = 1 , we get corresponding expressions for the ratient of a product. 

When n = 1 , m = 0, we get from [B] the differential coefficient of a product. 

n = 2 , m = gives, after replacing log v by v in the final result, and taking 

the lower sign, 

du v ,,_, du . i „ dv 

_— = vu v x -^— + log u . tr ~t— . 
ax dx dx 

These special cases suffice to indicate the extreme generality of formulae 
[A] and [B]. 

Finally, it is not difficult to show that for m = n [A] or [B] leads to 

d n (u T n v ) __ a\y, T d^_ „, 

d n x d n x n d n x ' *■ ■* 

and for n = m + 1» [B] becomes, for the lower sign, 

d m (u\ m + iv) _d m u, , (d m v , \ 

d m x d m x T \d m X / L J 

and for the upper sign, 

d~x ~d^~ m + lV 4^U + i«-» + iH» + 2 log ( " + 1) 2). [D'] 

[C], [D] and [D'] are generalizations respectively of 

d(u ^f v) du _, dv d(u.v) du . dv 

dx dx dx dx dx dx ' ' 
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and d(u-S-v) du _^_ dv _^_ 2 

(to ofcc ax 

The formulae 

9V 3 2 « dy _ . _^_ dx 

dx dy dy dx ' dx dy ' 

assumes the generalized forms 

d»» _ d> ^sM.z=M — ^ 
8„x 3 n y 9„y 3„a; ' <a; " + 1 n+1 d n y ' 

and in fact every theorem or formula in the ordinary calculus has its analogue 
in the calculus ot ratients. 

The University of Nebraska. 
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